CHAPTER 3

Topological properties: Hausdorff, connected, and
compact

1. Hausdorff spaces

In this chapter we begin to find tools that will help us in the classi-
fication problem. We will study two properties that a given topological
space may or may not possess. We will see that two spaces that are
homeomorphic will either both possess or both not possess the prop-
erty. Thus we may be able to distinguish two spaces that are not
homeomorphic.

Our first property states that any two points can be separated by
disjoint open sets.

DEFINITION 3.1. A topological space X is Hausdorff iff for any
x,y € X such that x # y there exist open sets U,V C X such that
reU,yeV,andUNV = 0.

THEOREM 3.2. If X has the discrete topology, then X |is/is not
Hausdorff.

PRrROOF.
| Prove. | O

THEOREM 3.3. If X has at least two points and has the trivial
topology, then X |is/is not| Hausdorff.

PROOF.
 Prove. | O

EXAMPLE 3.4. Let X = {a,b,c}

List all the Hausdorff topologies of X. You may wish to go back
and look at Exercise 1.9. Justify your answers.

THEOREM 3.5.

State and prove a theorem about finite Hausdorff spaces.

THEOREM 3.6. E! |is/is not| Hausdorff.
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